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. Abstract 

o ■ 

, Let f,g:C — + C be two quasi- homogeneous polynomials. We compute the V-filtration of the 

restriction of / to any plane curve Ct = g~ l {i) and show that the Gorenstein generator dx A dy/dg 
is a primitive form. Using results of A. Douai and C. Sabbah, we conclude that base space of the 

o" 



miniversal unfolding of ft '■= ,f\c t is a Frobenius manifold. At the singular fibre Co we obtain a 
non-massive Frobenius manifold. 



< 



O 



> 

X 



1 Introduction 



The axiomatic of Frobenius manifolds as originally denned by B. Dubrovin as for example in [5J, represents 
the geometrisation of the celebrated WDVV or associativity equations in topological quantum field 
theories (c.f. This geometrisation made it plain evident that Frobenius manifold, and hence solutions 
to WDVV equations, already existed in a very different branch of mathematics, namely singularity theory 
and more particularly deformations of hypersurface singularities. This work had been carried out by 
K. Saito and M. Saito nearly ten years before (see ^3]> ^5] and 

The other main source of Frobenius manifolds is quantum cohomology, where the solutions are a 
priori, just formal series and can only be geometrised after some effort if at all. A version of the 
mirror phenomenon is interpreted in this framework as an isomorphism of two Frobenius manifolds, 
each coming from one of this two seemingly unrelated sources. In this direction, we have the result of 
£C} • S. Barannikov (PP) establishing an isomorphism between the quantum cohomology of projective spaces 

and the Frobenius manifold obtained by unfolding the function xq + • ■ • + x n on the affine variety 

Xq . . .X n = 1. 

As the mirror of P" indicates, in order to find potential mirrors of algebraic varieties, it is not enough 
to look at Frobenius manifolds produced by unfolding of germs of isolated singularities. Global functions 
on affine varieties are needed. A. Douai and C. Sabbah in 3 have adapted the results of M. Saito to 
this global affine situation and, under some mild hypothesis, reduced the existence of Frobenius-Saito 
structures on the base space of the miniversal unfolding to the existence of a primitive form for the Gauss- 
Manin system. They used their results to exhibit Frobenius structures for unfoldings of non-degenerate 
and convenient Laurent polynomials. 

In this article, we construct Frobenius manifolds for unfoldings of quasi-homogeneous functions on 
quasi-homogeneous plane curves. Let /, g : C 2 — > C be quasi-homogeneous polynomials with respect to 
the same weights. We regard g as a family of plane curves Ct = and consider the restriction 

ft '■— f\c t - We show that the V- filtration of the Gauss-Manin system, and hence the spectral pairs, of f t 
can be computed from fg. In particular, the Gorenstein generator a := dxAdy/dg yields a primitive form 
with associated spectral number 0. It follows from ;5. u that the base space of the miniversal deformation 
of ft can be endowed with a Frobenius manifold structure. At t = 0, the curve Cq has an isolated 
singularity. We can use the dualising module ujc to define the Gauss-Manin system of fo and the 
Grothendieck residue pairing to construct a non-massive Frobenius manifold. 

The motivation behind the construction is the following remark: the unfolding of / = x a + y b on 
Ct : xy — t, t ^ 0, is the mirror partner of the weighted projective line P(a, b) (for a and b coprimes, 
see |11II17| L At t — 0, the multiplication and metric in our construction at the origin coincides with the 
orbifold cohomology of P(a, b). 
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2 Preliminaries 

Let us recall briefly how to obtain a Frobenius manifold from a meromorphic connection. We closely 
follow C. Sabbah (cf. [13]). 

Let G -» 5 be a vector bundle on manifold B and let the rank of G be equal to the dimension of B, 
say m. Let F denote the pull-back of G via the projection P 1 x B — > B. We further assume that F is 
equipped with a flat meromorphic connection V with logarithmic poles along {0} x B and poles of type 
1 along {oo} x B. From this initial data we obtain the following objects: 

(i) the residual connection V on G — > B: if r denotes the coordinate on the affine chart P 1 \ {oo} the 
connection matrix for V is locally written as 

, m 

= fl T — +^9.idui (1) 
T i=i 

where Q T and f2j are matrices with holomorphic entries. Here (u\, . . . ,u n ) denotes a coordinate 
system on a neighbourhood in B. The residual connection V on B is given by 

m 

fi v = ^2 ^i(0, ui, . . . , u n )dui. 

i=l 

and the integrability of V implies that of V; 

(ii) the residue endomorphism of V, that is, an endomorphism Rq of F\b given in local coordinates 
by f2 T (0, u). The integrability of V implies that Rq is covariantly constant with respect to V, i.e., 
Vi? = 0; 

(iii) an endomorphism i?^ of F\b, defined (up to constant) by the choice of a coordinate 9 in P 1 \ {0}. 
Indeed, the connection at infinity has a pole of type 1. If we use 9 = t _1 as a coordinate in P 1 \ {0} 
we see from Q that V is written near oo as 

i=l 

where fig = — #fi T and 9 2 Q,' i = fi^ have holomorphic entries. The matrix fie(0, u\, . . . , u n ) defines the 
endomorphism i?oo of F\b- The coordinate 9 (and hence r) will be kept fixed throughout this article. 

(iv) The Higgs field <&, defined as follows. We decompose the connection V = V + V" according to the 
decomposition of 1-forms 7r pi\{ }^ip ,1 \{o} ® ^b^b- We write V" = ds + fi" and set $ = (0D,")\g—o- 
It also depends on the choice of the coordinate 9 (up to constant). 

The integrability of V implies the following relations between all of the above objects: 

V 2 = 0, Vi? = 

$ A $ = 0, [Re,®] = (2) 
V$ = 0, V-Roc +$ = [*, Ro] 

Let J r [*({0} x B)] denote the module of sections of F with poles along {0} x B and let F denote locally 
free 0s[#]-module (itb)*^[*{{0} x B}. We further assume that F is equipped with with a non-degenerate 
C-lincar pairing 

S : F®F — > 90 B {9] 
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satisfying 

S(Om, m) = 6S(m, to') — S(m, —9m!) 
Liea a S(m, m ) = S^V^m, m!) + S(m, — Va 9 m') (3) 
Lie^ t S(m,m) = 5(V a,m, m ) + 5(m, Va t m') 

Expanding S as a series in = we get 

5(m, to') = ds^m, m') + 8 2 s1 (m, m') + . . . . 

It can be checked that is a non-degenerate, symmetric pairing on F/6F which is metric with respect 
to the connection V. For a V-horizontal section ui of G. We define its associate period mapping 
(fiuj : TB — > G by 

We say that w as above is primitive if 

(i) to is an eigenvector of Rq and 

(ii) (fuj is an isomorphism. 

If ui is a primitive form, we can define a O^-algebra structure on 8b by setting 

MS + V)--^ 1 *®^) (4) 

and we obtain: 

Theorem 2.1. If id is a primitive form, the triple (-B,*, Soo) is a Frobenius manifold. 

Remark 2.2. We finish this section with a remark that simplifies enormously the construction of Frobe- 
nius manifolds from families of meromorphic connections. Namely, if B is simply connected, it is enough 
to check the existence of the primitive form at one single value of the parameter space B. This result 
is proved in a detailed manner in |13|. but it goes back to the work of B. Dubrovin on isomonodromic 
deformations. 



3 Functions on curves 

Let us recall the definition of the Milnor number of a function /q on a curve-germ given by D. Mond and 
D. van Straten in |12j . 

Definition 3.1. Let (C, 0) (C ra , 0) be a reduced curve-germ and let fo : (C, 0) — > (C, 0) be a function 
non-constant on any branch. The Milnor number /i of fo is defined as 

H ■= dime r ~ C 'l f (5) 
where luc.o — Ext^,~^ g (Oc,Q, ^c™ o) denotes the dualising module of Oc,o- 

Remark 3.2. The authors in 12 show that if the curve is unobstructed (i.e. the second cotangent 
cohomology group Tq vanishes) then the local Milnor numbers are preserved under flat deformation of 
(C, 0) and arbitrary deformation of fo. 

In the case of complete intersection curves the Milnor number is relatively easy to compute. If (C, 0) 
is a complete intersection curve defined by g±, ...,g n , the dualising module loc,o can be identified with 
the module of meromorphic 1-forms id on (C, 0) such that id A dg\ A ■ • • A dg n G Oc,o ® ^t+i - It is 
therefore customary to write u>c,o = Oc,oa where 

dxx A ■ ■ ■ A dx n+ i 

a = — ; ; (6) 

dgi A • • • A dg n 
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Given now fo : (C, 0) — » (C, 0), let / be a representative of /o in Oc",o- We can write dfo = Ja where J 
is the Jacobian determinant of the map <p = (f,Qi,... ,g n ) ■ (C n+1 ,0) — » (C n+1 ,0). Hence fi = Oc,o/(J) 
and using the Le-Greuel formula we see that 

fx = m + ^ 2 (7) 

where [i\ denotes de Milnor number of (C, 0) and [Li that of the 0-dimensional complete intersection 
defined by ip. 

An unfolding of / over (B, 0) = (C"\ 0) is a function F : (C n xB,0)^ (C, 0) together with fibration 
(<7,1) : (C™ X B) — * (C™ _1 x B,Q) such that F\c = fo- We say that F is a miniversal unfolding (resp. 
versal) if the Kodaira-Spencer map 

(J) 

is an isomorphism (resp. a surjection) of Oeo-modules. Here (m, . . . , u m ) denote coordinates on (B, 0). 
Notice that if Ct is a Milnor fibre of an appropriate representative of g, conservation of the Milnor number 
implies that the map 

n _ d dF O c 
5,0 Out dui (J) 

is also an isomorphism (resp. surjection). Hence the the restriction of F to Ct x (B, 0)/o is a miniversal 
deformation of F\c t in the usual left-equivalence sense for multigerms. 

Notice also that the isomorphisms (JSJ) and © induce structures of O^-algebras on the tangent sheaf 
Ob- It is proved in [3] that these multiplicative structures satisfy certain integrable condition turning 
them into F- manifolds (see [HE])- 



3.1 The quasi-homogeneous case 

As noted in Remark 13.21 the Milnor number is locally preserved under deformations. Here we wish to 
show that in the quasi-homogeneous case it is actually globally preserved. Later, this will justify the use 
of algebraic forms to study the Gauss-Manin system. 

Most of the calculations that follow can be carried out for the case of complete intersections curve 
singularities and we do so. However, our techniques can only be used to construct Frobenius manifolds 
for functions on plane curves as it is in this case that we are able to extract information about the 
spectrum of the restriction of the miniversal unfolding of fo to the Milnor fibre of the singularity. 

Let us begin by introducing some notation that will be kept for the remainder of this article. Let 
O denote the polynomial ring C[a^i, . . . , x„ + i]. We make O into a graded ring by assigning the positive 
rational weight pi to the variable Xi. Homogeneity will always mean homogeneity with respect to this 
grading. Let us be given 

(i) a polynomial map g : C™ +1 — > C™ where gi is homogeneous of degree ej, we denote the fibre over 
t G C™ by Ct and suppose that the 0-fibre Co is not smooth (see Remark ED below); 

(ii) a homogeneous polynomial / £ O of degree 1, we write ft for the restriction of / to the fibre Ct 
and assume that fo is not constant on any branch of Co- 

Remark 3.3. The smooth case is exceptional as it is the only case for which / belongs to its Jacobian 
algebra. On the other hand, the smooth case corresponds to the deformation of the A^- singularity in one 
variable, and it is well-known that the base space of its miniversal deformation does have a Frobenius 
structure. 

Let a — dxi A • • • A dx n+ \/dgi A • • • A dg n and let uj 9 be the relative dualising module. As before, let 
J be the Jacobian determinant of (f,gi,... ,g n ) so that df = Ja. As J is also homogeneous, the only 
critical point of /o is the origin and \x — dime 0/(g\, . . . , g n , J). The following proposition shows that 
this is also the number of critical points of f t . Let (ti, . . . , t n ) be coordinates on the target space of g. 

Proposition 3.4. The C[ti, . . . , t„]-module 0/(J) is free of rank ji. 
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Proof. The module 0/(J) can be seen as a graded module over the graded ring C[ti, . . . , t„] := C[gi, . . . ,g n ] 
As wc /Oc df — Of(gi, . . . ,g n , J) is a finite dimensional vector space it follows from the graded 
Nakayama lemma that 0/(J) is finitely generated (we recall that the graded version of Nakayama 
lemma does not require that the module 0/{J) be finitely generated). As (gi, . . . , g n , J) is a regu- 
lar sequence, the graded version of the Auslander-Buchsbaum formula tells us that 0/(J) is free as 
C[t u . . . , t n ]-module. □ 



4 The Gauss-Manin system 

We keep the notation and hypothesis introduced in the previous section. We define the (algebraic) 
Gauss-Manin system of / relative to g as the module 



Gi 



Wg[T, T~ 



(d-rdfA)0[T, t- 1 ] 

where d denotes the relative differential with respect to g. It is a C[ti, . . . , t n , r, r _1 ]-module endowed 
with a partial integrable connection with respect to d T defined as: 

V Sr M = [-/w] (10) 

We also consider the (relative) Brieskorn lattice G, that is, the image of the canonical map w g [r _1 ] — > G. 
It is a lattice of G as the following proposition shows: 

Proposition 4.1. G is a free C[ti, . . . ,t n , r~ x \-module of rank \i. 

Proof. According to Prop. EOl let hi, . . . , h^ be a basis of the free C[ti, . . . , i„]-module O/J consisting 
of homogeneous elements. Let = hiO. and let u> = a^a £ to g . Then there exist unique ci, . . . , £ 
C[ii, . . . ,t n ] such that ao = cihi + • • • + c^h^ + a' Q J, which implies that u> — Ciu>i + • • ■ + c^uj^ + a' df — 
ciloi + • • • + c^lu^ + T~ 1 da' . Writing da' Q = aia we see that degao > degai. The proposition follows by 
iteration. □ 

We begin by studying the action of d T on the holomorphic (algebraic) forms £l g . Recall that we are 
excluding the case in which Co is smooth. 

Lemma 4.2. Let I = (gi, . . . ,g n ) and let J g be the ideal generated by all the maximal minors of the 
Jacobian matrix of g. The sequence 

o^A±I_^^^_ ° ,o (ii) 

i + i + (/)+/+ (J) 1 ] 

is exact. 

Proof. Let fii be the Milnor number of Co and /12 that of the 0-dimensional complete intersection defined 
by ip := (f, gi, ... , g n ). We know that jj, = fii + jj,2- If E — Yli=i w i x i'^r denotes the Euler vector field 

of O, the homogeneity of / and gi gives us t(p(E) — /J^ + J27=i ei 9 i W'- applying Cramer's rule we 
obtain 

w i x l J = (-l) i+1 fMi mod / (12) 

where Mi is the minor of the Jacobian matrix of g obtained by deleting the i-th column. From here we 
see that fJ g C I + (J). But we have an exact sequence 

(/) + / (/)+/ (/)+/+ (J) ° (13) 

where the middle term has dimension /12 + 1 (cf. 9 , Prop. 5.12). So that can also use 112J1 to conclude 
that 

dimC (/)+/+ (J) = M2 (W) 
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On the other hand l|12fl together with Nakayama lemma tells us that the first term of l|13f) has dimension 
1 so that (|14fl follows. Back to the original sequence (|llfl we conclude that the kernel of /• has dimension 
H2- That /12 is also the dimension of the first term of 1)11)1 follows from one more exact sequence: 

I+(J) /+(J) Jg+I 

The middle and last term of the above sequence have dimension fi = + fJ-2 and /ii respectively 
([5], Prop. 9.10). Therefore the first term has dimension \xi and the lemma follows. □ 

The following notation will be useful to describe the action of d T on il g . 
Notation. We set e = Y^i=i e i> P = Pi an d for a homogeneous element h <E O, we define 

v{h) := deg h + p — e. 
We will also write v{lo) '■= v{h) where to = ha. 

Remark 4.3. Notice that for w = ha with h homogeneous we have Lie^(w) = v(h)cu, where E denote 
the Euler vector field on O. Also, if h S J g and as before we denote by Mi the minor of the Jacobian 
matrix of g obtained by deleting the i-th columns, then 

deg(ft) > min {deg Mi : i = 1, . . . , n + 1} = e — p + max {pi : i = 1, . . . , n + 1} . (15) 

It follows that v(lo) > 0. 

Lemma 4.4. Let lu £ fl g be a homogeneous 1-form. Then, in G we have 

n n 

Td T [uj] — — v(ll>)[ll>] + tjUJj + T tjUJj (16) 

j'=i i=i 

with v(u)i) < ^(w) — Sj and v{oj'j) < + 1 — ej. 

Proof. By linearity, we can assume that u) = hdx n +\ with h homogeneous. As dx n+ \ = M n+ ia, we see 
that v(uS) = degh+p n+ i. Let us introduce some helpful notation to carry out the calculation: ig x denotes 

the contraction with respect to the vector field d Xi , i n +i = ig„ o- • -oi^ and \ n +\.j = «a„ ° • • • °idj ° ■ ■ '°idi ■ 
Writing dx n +\ = in+iV we have 

-rV T [w] = rd T [hi n+1 V] = T[hx n+1 {fV)] = r[hx n+1 {df A i g V)} 

Th 

= t ^(-1) J+1 [h{i dj df) A Wi^V] + (-1)"t [M/ A WiigV/] 

3=1 

n 

= [M*8,4f) A Wl,f'/] + T [/l4f A i&n+lV] 

3 = 1 

n 

= w] + r ^(-1) J+1 [M<a,4f) A Wtii/] 

= [Lie^(w) - igdw] +t^](-1) j+1 [/i(i aj d/) Aiw+iji^V] 
i=i 

n 

= !/(«;)[«] - [igdw] + T^T(-l)^ 1 A tn+lj^^] 



Multiplying the second summand by dgi A • • • A dg„ and applying the determinant theorem we see that 
ifiduj = X)j=i tj^j where v(u>j) = v(iS) — ej, and analogously for the other summand. This can also be 
seen by noticing that the expression 1)16(1 is homogeneous where deg r = — 1. □ 

Corollary 4.5. For uj 6 f2c 7 we ^ave t<9 t [o;] = — ^(w)[w] in Go = G/mc.o- 
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4.1 V- filtration and spectral numbers 

For a fixed point t S C™, set G f = G/mo,t and analogously Gf — G/mc,t- Let us recall the definition 
of the Malgrange-Kashiwara V. -filtration for Gt. It is the unique filtration V.(Gt) indexed by Q such 
that 

(i) Vx(G t ) is C[r]-free and C^r" 1 ] ® c[r] V x (G t ) = G t for all A e Q; 

(ii) TV x {G t ) C Vx-i, d T V x {G t ) C V x+1 and 

(iii) the action of rd T + A is nilpotent on the quotient gr^(G t ) := V\(Gt) /V < \(G t ) . 

Such a filtration exists and is unique (e.g. [2J, pg- 113). Moreover, there exists a finite subset A C [0, 1) 
such that grX(G t ) = for all A g A + Z. 

The filtration V.(G t ) induces a filtration on G t /T~ 1 G t . The corresponding graded part is given by 



ar v (r i„-i r \ ._ Vx(G t ) n G t 

glA Gt/r Gt) - Vx{Gt)nT - 1Gt + v<x{Gt)nGt - 

Let d(X) denote the dimension as a complex vector space of gr^ (G/r~ 1 G). The set of pairs (A, d(X)) for 
which d(X) ^ is called the spectrum of (Gt, Gt). 

We can use lemmas fOl and rOl to compute the V.-filtration of the Gauss-Manin system of the function 
/o and for the case of plane curves, for any f t . The linear map (— /o) - : Uc /Oc dfo — > U!c /Oc dfo is 
nilpotent and homogeneous. Hence its Jordan basis induces a homogeneous basis of G of the following 
form: 



H] = [i-fM] , % = o,...,n 1 

H] = [(-f) 1 ^}, i = 0,...,N 2 
Hi] = [(-/)*<], i = 0,...,iVM 

It is helpful to set v\ — viuj^). Consider now the following change of basis of G: 



(17) 




cor 1 



if v\ > 1 
if iA < 1 



(18) 



Notice that, a priori it could happen that > 1 and the above definition would not be correct. But 
this does not happen as the following lemma shows: 

Lemma 4.6. We have < 1 for all i = 1, . . . ,//2- 

Proof. The socle of the 0-dimensional complete intersection defined by (/) + I has degree 1 + e p. 
Hence all the elements of degree greater than 1 + e p are contained in the image of the multiplication 
by / and the lemma follows. □ 

For wGw 9 let us set 

!1 if v(u) > 1 
v if < v{w) < 1 
if v{uj) < 

and X(u>f) :— X?. In the next result we compute the spectral numbers of (Gt, Gt) for t = 0. 

Theorem 4.7. For any i/ie classes of u)f for which A(cj|) = A induce 

a basis of the vector space gr^(Go/T^ 1 Go). Hence the numbers Xj together with its multiplicities form 
the spectrum of (Go, Go). 
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Proof. We only need to check that rd T + A is nilpotent on gr^Go for A G [0, 1]. Notice first that by 
definition we have /w$ E I + (J), ft follows from Lemma T4. 21 and that ui^ G f2c - An straightforward 
calculation together with Cor. 14.51 shows that 



jf +1 if v* < 

if j < Ni then rd r ZA = { -lAuA + tZj] +1 if < lA < 1 

~7 ~7 + l T i , (19) 

-ojf +rw +1 ifz^>l, 



and if j = iVj rd T u) i i = —X i i u) i i . 

We show the nilpotency of rd T + A with some detail for the first case in (|19|) as the others are analogous. 
As v{ < we have j < N, (see Remark IP|) . If ^ < 0, then v\ +1 < 1 so that rd T w? G V<o(G). If v\ = 
then v\ +1 = 1 and we get 

(rd T )^f = r(rd T + l)^ 1 = * ' + 1 < (20) 

v ; 1 v ' 1 [0 ifj + l = JV< 

In both cases we have (r<9 T ) 2 w| € V<o(G). □ 

Corollary 4.8. In i/ie basis of Go induced by the matrix of the action of d T takes the form 

{Aq + A ao T~ 1 )dr (21) 

where Aq and are constant matrices, and Aoa diagonal. In particular, Go extends to a bundle on P 1 
with logarithmic connection on r = 0. 

In the case of plane curves, it turns out that the spectrum of the restriction f t of / to the fibre Ct 
coincides with that of Go- More precisely: 

Theorem 4.9. If n = 1 then the classes ofojj induce a basis of gr((Gt/r^ 1 Gt) for any ( 6 C. 

Proof. The particularity of family of plane curves is that (g) = I C J g . It follows as in the proof of 
the previous theorem that oj^ z G Qc t ■ The proof of the theorem now follows almost verbatim, with the 
difference that we now have to use the full equation (jl6|l in Lemma 14.41 For example, equation (121 )li now 
becomes 

( a ^2~j i a , j r2 ^ +2 ifj + KJV; 

(to t ) w- = t(to t + 1 )ur ={ „ (22) 

which again in both cases belong to V < o(Gt) as v(wi t i), — v i i — ei = 1 — ei. The rest of cases 

are similarly adapted. Notice that for the elements w i * we might need to use Lemma f4. 41 sav K times, 
being K = min |fc > 1 : v?* - ke x < l} to ensure that (rV r + \f*) K uj^ G V <x n, (G t ). □ 

We can then use the results in 5 to construct Frobenius manifolds on the base space of the miniversal 
deformation of ft for t ^ 0. 

Corollary 4.10. If n = 1, the class of a in Gt is a primitive form for any t. Hence for any t ^ 0, the 
base space of the miniversal deformation of ft has the structure of a massive Frobenius manifold. 

Proof. Let ujj = h[ f) a be the basis of G defined in JT2J) . Then the unfolding F = / + ££i J2f=o ^P^P 
is miniversal. The connection with respect to the deformation parameters is given by 



As a = oji we have 



du 



(i) 



dF 

-UJ 



du 



or 



(23) 



M2 Ni 

V dj]) [a] = -t[u4], V a >] = [a,*] -^ju^N]. (24) 

i=l j=0 

It follows that a is a primitive form. The existence of the metric follows from microfocal Poincare duality 
(cf. loc. cit.). Finally, for a generic value of u, all the critical points of F on Ct x {u} are Morse, hence 
the multiplication is gcnerically scmisimple. □ 
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It is known that the metric is given by the sum of the residues at the critical points. More precisely, 
if (tii, ■ ■ ■ 7 u ti) ar e parameters of the base space of the miniversal deformation F : (C 2 x B, 0) — ► (C, 0) 
and dF = Jpa denotes the relative differential, then 



d _d 

dui duj 1 1 J gCf \ J F 



9F_9F_ \ 

dui duj 

a 



(25) 

C t 



where dCt is the boundary of an appropriate representative of the Milnor fibre of g. 

Corollary 4.11. The formula (|25|) for t = together with the multiplication defined by ijBJ defines the 
structure of non-massive Frobenius manifold on B. 

Proof. We have ( g§r, gf-^ — * ( g§rj at - ) wnen t — > 0. The flatness of (— , — ) ( implies that of (— , — ) 
as it can be seen, for example, writing out explicit formulas for the curvature in terms of the Christoffel 
symbols. The existence of a potential can be translated into the flatness of the first structure connection 
(e.g. ^Oj; Th. 1.5). More precisely, for each t, let 'V the Levi-Civita connection of (— , — ) t . The first 
structure connection is defined as 

'V 2)9tti d Uj :=* Ve Ui d Uj + zd Uz M 8 Uj (26) 

It is of course closely related to the the Gauss-Manin connection V. Notice that d Ui *t d Uj — > d Ui *o d Uj 
when t —>■ 0, and hence 'V — > °V. The result follows. □ 

5 An example: linear functions on the A^-singularity 

Let us illustrate our construction with a worked-out example. We consider the curve C'o defined by 
g(x, y) = x k + y 2 — 0, k > 2, and the function /o given by the restriction of f(x, y) = x to Cq. 

Miniversal deformation. The classes of 1, . . . ,x k ~ 1 form a C-basis of the Jacobian algebra Oc /{^y) 
and hence a miniversal unfolding is given by F + uix k ~ 1 + • • ■ + Uk-iX + it/.. 

Spectrum. For a homogeneous polynomial h we have 

k-2 



u(h) = deg(h) 



2 

According to Thcorem l4.7l the spectrum of ft = f\c t is 

0, — I , ( 1, — ) \ if k is even and, 



2 J 1 V 2 
— ) (- 

2 J'W'J'V 2 



0,V L VfilVfl>V : H iffcisodd. 



Nilpotent Frobenius structure. If we set F 1 — Qj^, the multiplication table on Qb,o is given by the 
isomorphism 

^•"•(raw) (28) 

where O denotes the sheaf of holomorphic functions on the variables x, y, u%, . . . , itfc and it : Co x (B, 0) — > 
(B,0) is the canonical projection. The ideal (x k + y 2 ,2yF') defines in Co x B a scheme with two 
components: Wi := {0} x B and the (reduced) variety Wi defined by F' — 0. As W\ already has 
multiplicity k — fj,, the F"-manifold structure extends to B \ 7r(H^) (notice that ^ 7r(W2)). We see that 
this F-manifold structure is purely nilpotent, in the sense that if i ^ k (i.e., if d Ui is not the identity), 
we have d Ui * • • ■■kd Ui = where the product occurs at most k times. We remark that this is always the 
case if the function /o is the restriction of a linear function as all the critical points are provided by the 
singular curve. 
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The metric is also easy to describe, at least on TqB (and hence on flat coordinates). The generator 
of the socle of C[x, y]/ (x k + y 2 ,2y) is x k ~ 1 , so that if we choose a residue form with Res(a; fc_1 ) = 1, the 
metric in the basis <9 Ui |o is simply given by the matrix with all entries equal 1 in the anti-diagonal, and 
everywhere else. 
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